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We prove that the Moyal product is covariant under hnear affine spacetime transformations. 
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C^ • From the covariance law, by introducing an (x, G)-space where the spacetime coordinates and the 
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Tjj- . noncommutativity matrix components are on the same footing, we obtain a noncommutative rep- 
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\^ , resentation of the affine algebra, its generators being differential operators in (x,0)-space. As a 
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particular case, the Weyl Lie algebra is studied and known results for Weyl invariant noncommuta- 

ji« ■ five field theories are rederived in a nutshell. We also show that this covariance cannot be extended 

r~| , to spacetime transformations generated by differential operators whose coefficients are polynomials 

of order larger than one. We compare our approach with the twist-deformed enveloping algebra 
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;2| ' description of spacetime transformations. 
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I. INTRODUCTION 

It has been clear since the early days of noncommutative field theory that Lorentz invari- 
ance, or the lack of it, plays a key role in the subject, especially when it conies to discuss 
questions like causality or unitarity. In this regard, one ought to remember there are two 
distinct types of Lorentz transformations [1]. On the one hand, there are observer Lorentz 
transformations. They involve coordinate changes under which the localized field configura- 
tions and background fields, in this case the noncommutative parameter tensor = {9^'^), 
transform covariantly, leaving the physics unchanged. On the other hand, there are particle 
Lorentz transformations. They involve rotations and boosts of only localized fields within a 
fixed observer frame, leaving 6 unchanged and hence modifying the physics. On the face of 
it, the choice of a particular uniform background O breaks Lorentz symmetry to a smaller 
subgroup [2], namely the group of transformations that leave G unchanged. This choice is 
similar to the choice of a vacuum expectation value in 'spontaneous symmetry breaking'. One 
should rather not speak here of unbroken/broken symmetry but rather of hidden/manifest 
invariance, observer invariance accounting for hidden and particle invariance for manifest. 

The idea that noncommutative field theory is observer Poincare invariant has been around 
for some time [3, 4]. In ref. [4] it was explicitly shown, using functional derivative meth- 
ods, that noncommutative U{n) gauge theory is observer Weyl invariant. Recall that the 
Weyl group includes Poincare group and dilatations. Lately this viewpoint has been recov- 
ered [5] using the Hopf dual (see references therein) of the twist deformation of the Poincare 
enveloping algebra. 

The twist approach to Poincare spacetime transformations in noncommutative field the- 
ory has its origin in ref. [6] and was developed in ref. [7], see also [8]. The authors of ref. [7] 
argue that, if Poincare invariance did not survive in noncommutative field theory, Wigner's 
particle classification in terms of scalar, vector, spinor fields and so on would not be ap- 
propriate. An extension to 4-dimensional special conformal transformations has also been 
considered [9]. The same ideas have been used to study the action of the conformal group 
in two noncommutative spacetime dimensions [10] , where there is an infinite number of gen- 
erators. They have also been used to explore noncommutative formulations of gravity [11] 
and gauge theories [12]. 

In this paper we undertake the study of noncommutative spacetime transformations from 



the observer point of view with new methods. We start by considering hnear affine trans- 
formations and find a transformation law for O that ensures affine covariance of the Moyal 
product. From the infinitesimal formulation of this covariance, expressions for the transfor- 
mation generators as differential operators in an {x, 0)-space are obtained. These generators 
by construction satisfy the Leibniz rule for the Moyal product and the same commutation 
rules as for commutative spacetime. In terms of them the study of symmetries becomes 
very simple, and the discussion of the invariance of a classical action in field theory for 
O = is easily transferred to the case G 7^ 0. We also consider the generalization of the 
twist-deformed enveloping algebra approach to diffeomorphisms and give a closed form for 
the twisted coproduct of an arbitrary infinitesimal generator. This generalization leads to 
a neat interpretation of the twist description and allows us a clear comparison between the 
covariant description of hidden symmetries and the twist formalism. 

The paper is organized as follows. In Section 2 we show that the Moyal product is 
globally covariant under linear affine transformations and obtain their infinitesimal gener- 
ators in (x, 0)-space. We particularize to Weyl transformations in Section 3 and obtain in 
{x, 0)-space their generators {P^, M®, D^}. From this, we give a very simple and straight- 
forward proof of Weyl invariance for noncommutative U{n) gauge theory. Section 4 is dedi- 
cated to investigate spacetime transformations whose infinitesimal form is polynomial in the 
Cartesian coordinates, of which special conformal transformations are an example. We find 
that the Moyal product is not covariant for them. In Section 5 we thoroughly compare the 
observer approach with the twisted coproduct approach for the Poincare algebra. Section 6 
collects our conclusions. We include a short mathematical appendix. 

II. LINEAR AFFINE COVARIANCE OF THE MOYAL PRODUCT 

We find in Subsection 2.1 the transformation law for that renders the Moyal product 
covariant under linear affine transformations of spacetime. In Subsection 2.2 we exhibit the 
infinitesimal generators for such transformations. 



A. Global analysis 

Given two functions / and g defined on M^ and any 4x4 real ant i- symmetric matrix G, 
Rieffel's formula [13] for the Moyal star product of / with g is 

(/ ^0 9) {x) = T^ j d\id%f[x + \Qu) g{x + v) e^"- . (1) 

This definition generalizes others in the literature in that it does not require to be non- 
degenerate. It is also valid for any number n of dimensions, even or odd, by simply replacing 4 
by n. With f = x^ and g = x", expression (1) reproduces the commutation relations 

Formal expansion of / in the integrand in powers of and integration by parts yields 



(/ ^e g) {x) = exp [f r'^ 9^) di^^] fix) g{y) 



(2) 



y=x 



which is the form for the Moyal product most often quoted in the literature of field theory. 
A rigorous mathematical derivation of a formula of the type of (2) as an asymptotic devel- 
opment of the exact formula can be found in [14]. It is important to note, however, that 
whereas expansions like (2) are local, expression (1) is not. 

Let us now consider the group of linear afiine transformations. We recall that a transfor- 
mation VL = (L, a) of this type is characterized by a real 4x4 matrix L with nonvanishing 
determinant and a vector a in R'^. On a vector a; G M*^ it acts by 

X ^-^ fl ■ X = Lx + a . (3) 

The group product is given by QQ' = {LL', La'+a) and the inverse of the transformation Q = 
{L, a) is fi~^ = {L~^, ~L~^a). The action of linear afiine transformations on functions on M^ 
is given by 

[n ■ f] (x) = f{n-' ■ x) = f{L-\x - a)) . (4) 

With this definition, we have [fi ■ f]{VL ■ x) = f{x) and 

Had we taken the action on a function / to be defined by [Q ■ f]{x) = f{Q-x), we would 
have obtained Qi- [Q2 ■ /] = (^2 ^1) ■ /, which looks less natural. Here we stick to (4). 



To investigate the covariance of the star product •e under the hnear affine group, we 
need to compute [Q ■ f] -kQ [Q ■ g]. Using Rieffel's definition, we obtain 



{[n ■ f] ^e [fi ■ g]) (x) = ^ / A d%f{n~' ■ {x + ^^Qu)) g{n~' ■ {x + v)) 



lU-V 



Noting that Vt '^■{x + xq) =VL ^-x + L ^xq and making the changes of variables u ^ {L *) -u, 
where L~* := (i>~^)* = {L^)~^ is the contragredient matrix, and v — > Lv, we arrive at 

[P-f] ^e [^ ■ g]) {x) = -^ j d\id%f [n-^ ■ X + \L-^QL-'u) g {^-^ ■ x + v) e^"'^ . 

It is then clear that if the action of a linear affine transformations on the space of anti- 
symmetric matrices is defined as congruence, 

n-e = LQL' , (5) 

one has 

[n-f]^e[^-g]=^- if ^n-^-e g) or [Q ■ f] ^n-e [Q ■ g] = n ■ {f ^e g) ■ (6) 

Identities (3) to (6) constitute the starting point for our analysis. They show that the 
Moyal product is fully covariant under linear affine transformations, provided the matrix G 
transforms as in (5). One could say that we have generalized 'observer' covariance to linear 
affine transformations. For transformations Q such that Q ■ Q = Q, equations (6) take the 
form 

[n-f]^e[^-g] = ^-{f^eg). (7) 

In this case there is no distinction between 'observer' and 'particle' linear affine transforma- 
tions. 

Let us study in some detail the set of transformations Q for which Q ■ Q = Q. Since the 
only invariant of congruence is the rank, and any real anti-symmetric matrix O has rank 4, 
2 or 0, there are only three orbits of the action (5). They respectively correspond to the 
generic set of invertible anti-symmetric matrices, to the set of non-invertible, nonvanishing 
anti-symmetric matrices, and to the zero matrix. Assume that O is in the rank-4 orbit and 
consider matrices L such that LQL^ = 0. They form a group, that we may call the little 
group. Since the dimension of the little group is that of its Lie algebra, to find it suffices to 
use the exponential form L = e^ and require LQL^ = to first order in B. This yields the 
condition BQ = (50)*, which in turn gives ten independent entries for B. Hence the little 



group G*4 of linear affine transformations that leave invariant the rank-4 orbit has dimension 
14, counting the four translational degree of freedom. Similar arguments show that the little 
group G2 of the rank-2 orbit has dimension 15. 

Even if the functions / and g do not depend explicitly on 0, their Moyal product does. 
On the basis of this fact, and in accordance with the spirit of covariance, it is convenient to 
consider an (x, 0)-space on which a linear affine transformation acts as 

Vt ■ (x, 6) = (L, a) ■ (x, 6) = {Lx + a, L0L*) . (8) 

We emphasize that the coordinates which parametrize the variables x and both change 
under such a transformation. 

B. Infinitesimal generators 

The action (8) possesses infinitesimal generators, which we will generically denote G® 
and which are vector fields in (x, 0)-space. As convenient coordinates to express them, we 
may choose the spacetime coordinates x^ and six independent entries 9^^ of 0. We have for 
small B 

fi ■ (x, 0) = (x + 5x + a, + fi0 + 0fi*) + 0(5^) . 

From this we read the generators, when acting on functions, as 

G^ ■■= - («" + B", ^')^-l iK ^'' + ^"^ K) J^ ' (9) 

where we have put B = (B'i). The factor | in front of the last parenthesis arises because 
we have chosen as coordinates for its entries with, say, a < (3 and in (9) we are summing 
over all a,p. We may recast (9) as 

G^ = G^ + Gt, (10) 

where 

G® = -a"a« G% = -s^d^ + ^5,e'^^J^. (11) 

Here e{x) is the vector field with components e"(x) = B'^x^, and 

4 r^ = - (5"^ 6""^ + ^"T B^^) (12) 



are the components of the Lie derivative with respect to e{x) of the 2-tensor Q = 6°'f^da®dp. 
Here we choose not to distinguish the matrix O and the corresponding tensor in the notation. 
We recall in this regard that the Lie derivative with respect to a vector field v{x) = v'^{x) d^ 
of a contravariant 2-tensor with components t^^^ is given by 

which reduces to (12) for f" = e" and t"^ = 9°'^ independent of x. In G® we recognize 
the generators of translations. The term —e^da in G® generates arbitrary linear spacetime 
transformations. Finally, the term ^^^^"^ d/dO"^^ accounts for the linear transformations 
in the 0-directions that ensure covariance. The action of the operator G® on the Moyal 
product f-keQ directly follows from the covariance law (6). Indeed, the infinitesimal version 
of the latter simply states that 

G®(/ ^e 9) = G''f^e9 + f ^e G^'g . (13) 

Hence the generators G® do satisfy the Leibniz rule for the Moyal product of functions. 
In mathematical terms, the G® are derivations of the Moyal algebra. Note that our way 
to proceed, i.e., descending from global to infinitesimal covariance, identifies the generators 
and establishes that they are derivations all at once. 

It remains to make explicit the action of each of the generators in (11) on the Moyal 
product. To do this, we use again Rieffel's formula (1) and obtain, after some algebra, 

daU -^e g) = dcf -ke g + f -ke dag (14) 

x"(/ ^0 g) = x"/ ^e ^ - ^ e'^"! ^0 dpg = f^^x''g+'- r^ dpf ^e 9 (15) 

d d f do % 

(/ ^e g) = -wwz]; *0 ^ + / ^0 -WEZ^ + t: {d^f *© d^g - dpf -ke d^g) ■ (16) 



Eqs. (14) and (15) together imply that 

e'^dM *e g) = e'^dj ke g + f ke e^^d^g + '- 5dfdJ ke Opg . (17) 

These calculations serve as a check of our argument. Indeed, it is straightforward to see 
from eq. (11) that eqs. (16) and (17) imply the Leibniz rule (13). Particularly, for / and g 
independent of 0, one has the elegant 

-G%{f keg)=ef keg + fkeeg, (18) 



where still e = B'^x^da- The previous formulae are the heart of the paper, and many things 
in it flow from them. 

In summary, the generators of translations are derivations, and the generators of linear 
affine transformations can be made into derivations if such transformations are accompa- 
nied by suitable transformations in the ©-directions. Eq. (13) tell us that vector fields with 
components of degree up to one in the coordinates x^ can still be regarded as generating 
symmetries of the Moyal algebra. For this, the linearity in the coordinates x^ of the compo- 
nents of the vector field e{x) is decisive. In Section 4 we show that matters are different for 
higher order polynomial dependence. Note also that, for the simpler case of M^, the matrix 
has components 9'^^ = Oe'^^ . If in addition 5^ = —5"^ — the sole nontrivial possibility — we 
recover the derivation G = x-d + 29-^, already obtained in [15]. From this point of view, 
our results can be seen as an expansion of the scenario of that paper. See the Appendix for 
further discussion of this point. 

III. THE WEYL GROUP ON {x, 0)-SPACE AND ITS ACTION ON FIELDS 

So far nothing we have said involves a choice of metric, nor of an action. Approaches 
to physical problems based on the affine group are known, the metric-affine theory of grav- 
ity [16] among them. However, conventional physical theories require the choice of a metric. 
Since we are ultimately interested in field theory on Minkowski spacetime, let us adopt the 
Minkowskian metric. Everything works much the same for the Euclidean metric. Further- 
more, we consider the Weyl group W of translations, Lorentz transformations and dilata- 
tions. It is a subgroup of the linear affine group and hence the results of the last section 
apply. According to them, the generators of Lorentz transformations and dilatations in 
x-space receive contributions involving derivatives with respect to 6'^'^. In what follows we 
describe the algebra of these generators. 

A. The Weyl algebra in {x, 0)-space. 

In the presence of a metric we are allowed to lower and raise the indices of the different 
tensors. If L in eq. (8) accounts for a Lorentz transformation (5x° = oo'^^xp — u^'^xp, we 
can take for the matrix B in equation (9) any of the matrices M^^ with entries (M^j,)"^ = 
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^"n9vp ~~ ^%9m.i3- Substituting in formula (11), we obtain for the derivations in {x, 0)-space 
associated to Lorentz transformations 



< = x,d. - x.d, + 9"^-- - ^^,-— . (19) 



Analogously, if L accounts for a dilatation Sx'^ = \x^ , formula (12) yields 59^^ = —2X9^^ 
and for the the corresponding derivation we have 

D"" = -x-d-9^''^ . (20) 

By construction, the operators M® , D® and the generators P® = —9^ of translations 
are derivations of the Moyal star product. It is easy to check that they satisfy the same 
commutation relations as the generators of the ordinary Weyl Lie algebra, namely 



(21) 



[P®, P®] = [P®, M® ] = g,^Pf - g,,P^ [D®, P®] = P® 
[D®, M® ] = [M® , M® ] = g,, M® + g,^ M® - g,, M® - g,^ M® . 

We conclude that {P®, M®^,, Z^®} represent the Weyl Lie algebra in (x, 0)-space. 

B. Weyl invariant actions. 

In field theory we are interested in fields. We expect them to transform according to 
irreducible representations of the Poincare Lie algebra. Let us consider for example a local 
Uiiy-k gauge field A^{x), with classical action 

S[A] = -^^Jd'x P® (x) ^ P®^^(a;) , (22) 

where 

P® = d^A, - d,A^ - I [A^ *© A, - A, ^e A^) (23) 

denotes the noncommutative field strength. We recall that this action is invariant under 
noncommutative f/(l) local gauge transformations, whose infinitesimal form is bA^ = 9^A — 

^(A^Tkre A- A^e^^)- 

Since A^{x) does not depend on O, its variation under an infinitesimal transformation 

6A^{x) = [n-A^]{x)-A^{x), 



which in field theory is written as SAa{x) = A'^{x) — Aa{x), is the same as for = 0. This 
means that the action of the generators {P^, M® , D®} on Aa{x) is the usual one, 



P®K] = -d,A 



fi-' '-a 



■'^fiuiAa] — [X^Uu — X,yOf^)Aa + g^aAi, — Qai/A^j^ 

D®K] = -(l + a;-9)A„. 

The key point now is that, since Pf, M® , D® are derivations for the Moyal star product, 
their action on the field strength F® is functionally the same for all 0, and in particular 
equal to that for = 0. This automatically leads to 

The proof of Weyl invariance of S[Ai\ then goes as in the commutative case. We thus recover, 
without recourse to functional derivatives, the results of ref. [4]. With obvious changes, the 
arguments above apply to noncommutative U{n) gauge fields. In conclusion, covariance of 
the Moyal product, hence the knowledge of generators which are derivations of the Moyal 
product, simplifies the proof of invariance of a field theory action. 



IV. NON-AFFINE SPACETIME TRANSFORMATIONS 

The question that naturally arises is whether covariance can be extended to spacetime 
transformation groups whose generators have coefficients with arbitrary polynomial depen- 
dence on the coordinates x^. We answer this question in the negative. 

Let us consider a spacetime transformation x — > Vt-x whose infinitesimal form is quadratic 
in X. It is generated by linear combinations of differential operators of the form x^x^dp. For 
the Moyal product to be covariant under such transformation, the matrix O must transform 
in such a way that the infinitesimal form (13) of covariance holds. This requires the existence 
of sets of generators, say {G®j,p}, defined as differential operators in (x, 6)-space which act 
on the Moyal product as derivations and reduce to {x^x^dp} for = 0. Now, acting 
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with x^Xijdp on f -ke 9 and using equations (15) and (16), we obtain 
x^Xudp{f -ke g) = x^x^dpf -kQ g + f -ke x^x^dpg 



QQap^-' ^^' QQap ^^ ■> ^QQo^P 



It follows that the operator 

d 

^ p,vp ^ Xp^i/Op + yu ^Xy + u yXpj 



de^p 

satisfies 
Gtpif *e ^) = G%J ^e9 + f^e G%^g + i ^"r'^ (s,/ ^e 5,5^^ + d.dpf ^e 5,(?) . (24) 

The last two terms in this equation, containing three partial derivatives, cannot be recast as 
a derivation for k^ and thus prevent the operator G® from being a derivation. Therefore 
we do not see a way for the operators XpX^dp to be made into derivations in (x, 6)-space 
so that the spacetime transformations that they generate become a covariance of the Moyal 
product. 

In particular, special conformal transformations cannot become a covariance of the Moyal 
product, since they are generated by vector fields Kp = x'^dp — 2xpX-d, which are particular 
linear combinations of XpX^dp. The same clearly holds for vector fields with higher order 
polynomial dependence on x'^. 

V. COMPARISON WITH THE TWIST-DEFORMED ENVELOPING ALGEBRA 
FORMALISM 

Our aim here is to understand the twist-deformed description of spacetime transforma- 
tions for the Moyal product in the light of our approach. We start by observing that the 
twist deformation of the Poincare enveloping algebra used in [7] to describe noncommuta- 
tive spacetime and its transformations is a particular instance of a well known procedure to 
'twist' Hopf algebras, originally due to Drinfeld. See ref. [17] for a review and details. In 
what follows we briefiy recall it. If iJ is a Hopf algebra, denote by id the identity map of H 
onto itself, by A the coproduct map, and by rj the counit map from the Hopf algebra to the 
scalars. Consider an invertible element x ^^ H ^ H that satisfies the conditions 

11 



(l(g)X)(id® A)x = (x® l)(A®id)x {r] (g) id)x = (id (g) r])x = I ■ (25) 

The element x is said to be a counital 2-cocycle for H. For such a x? the twist A^(/i) = 
xA(/i)x~^, with h in iJ, does define a new coproduct in iJ. The algebra underlying H 
endowed with the new coproduct A^ is still a Hopf algebra, called twisted Hopf algebra, 
which may be denoted by H^. As Hopf algebras, H^ and H are isomorphic if x has the 
trivial form x = (7®7)A7~^, with 7 an invertible element in H satisfying 77(7) = 1. Assume 
moreover that H has a representation in an associative algebra JF with product m. That is, 
for h in H and a, 6 in JF one has 

m{a ®h) = ah (26) 

h ■ {ah) = h-m{a®h)= m{A{h) ■ (a O h)) , (27) 

where m{a, h) denotes the product of a and h in JF. The twisting of A introduces in JF a 
twisted product m^ defined by 

m^{a ® h) = m{x~^ ■ {a ® h)) . (28) 

H^ is represented in the new algebra by its action through A^(/i), since 

h • m^{a ®h) = h • m{x~^ • (a ® 6)) 
= m(A(/i)x"^ ■ (a® 6)) 
= m(x"iA^(/i)-(a®6)) 
= m^(Ax(/i) • (a®6)) . (29) 

Here we have used eq. (28), eq. (27), the definition of A^ and eq. (28) in this order. This 
equation will play a central part below in understanding how the Moyal product behaves un- 
der general spacetime transformations. Furthermore, it is easy to see that the first condition 
(25) implies that the new twisted product m^ is associative. 

Now, let us consider the Lie algebra T) of diffeomorphisms, whose generators are vector 
fields with polynomial coefficients on R'^. As Hopf algebra H we take the enveloping alge- 
braW(2D). Likewise the enveloping algebra of any Lie algebra, the coproduct A is first defined 
for elements hoiT)hy A(/i) = l®h+h®l, and then multiplicatively extended to all oiU{'£)) 
by means of A{hh') = A{h)A{h'). For the algebra JF carrying a representation of W(S)), 

12 



take the algebra of functions on spacetime with the ordinary multiphcation m{f ® (?) = fg. 
Finally, for x, we take the exponent of the Poisson tensor xe = 6xp(— | O^^d^ (X> d^). This 
Xe is clearly in W(2)) (8>W(S}), has an inverse 

Xe' = expi^O'^^d,0d,) 

and satisfies the cocycle condition nontrivially. The Moyal product under the asymptotic 
guise (2) is then recovered as the 'twisted' product 

mxe{f®9) = Mxe'-if^9))=f^e9- (30) 

In view of (29), it is clear that the action of a generator h on the Moyal product is deter- 
mined by Aj(.q(/i), and conversely. In the sequel, for simplicity of notation, we write Ae 
for Aj^Q and itlq for m^^. For the generators of translations, Lorentz transformations [7] 
and dilatations [9] the following expressions were obtained, in our notation, 

Ae{P^) = P^ ® 1 + 1 ® P^ 
Ae(M^,)=M^,®l + l®M^, 

+ I ^"'^ [{9t.aPu - 9uaP^) ®Pp + Pa® {9,.pP. " 9upPt.)] (31) 

AeiD) = D(g)l + l(g)D-i r'^P^ (g) P^ . 

These equations precisely show that Ae(M^j,) and Aq{D) are not derivations of the Moyal 
product. From eq. (31) it was concluded that the Poincare group remains relevant in non- 
commutative field theory. Whereas the argument is suggestive, it does not directly concern 
Poincare invariance. Note that eq. (29) refiects a rather general geometrical fact, since it 
places no restriction on the generator h except that of being an infinitesimal diffeomor- 
phism. (The limitation to polynomial coefficients in h arises because formula (2) can only 
deal with diffeomorphisms of this type.) This is why the generators K^ of special conformal 
transformation could be added to the list of computed AqIH) [9]. Now, because we are in 
the enveloping algebra, eq. (29) applies to differential operators of any order. The method 
is thus a recipe to encode the action of arbitrary differential operators with polynomial 
coefficients on Moyal products. 

The previous remark leads in a systematic and simple way to compute the twisted coprod- 
uct of the generator of any spacetime transformation. Let us take an infinitesimal spacetime 

13 



transformation generated by differential operators of the form x^^ ■ ■ -x^^dy. Using equa- 
tions (14) and (15) to compute its action on f-kQg, and invoking the definition of the twisted 
product me in (28) and its covariance property (29), it follows that 

Ae(a;''i ■ ■ ■ x'^^S^) = x^"^ ■ ■ ■ x'^^S^ ® 1 + 1 ® x^^^ ■ ■ ■ x'^^S^ 



^ • k 



-j-\^ f-\ y^ 5)Meiaci . . . 5)Mcfeacfe 



k=l Af>Cfe>--->ci>l 

(_l)fc a;Mi . . . 3 . . . 3 . . . x^iv g 5„ ■ • ■ a 



(32) 



^1/ Yy y^oLc 



Here -^ indicates that in the product x^^ ■ ■ ■ x^^ the factor x^"^ is removed. An equivalent 
formula can be found in ref. [11]. With (32), eqs. (31) follow at a stroke. Moreover, it is 
straightforward to verify that 

me (Ae(x^^ ■ ■ ■ x^"" d^) ■ (x" ® x^ - x^ ® x")) = . 

In other words, ^"^ remains unchanged. The twisted coproduct formulation accounts only 
for particle transformations, for transformations of O are left out. To understand observer 
transformations, one has to look elsewhere, to the analysis presented in this paper. 

To summarize our comparison, for G in the afiine group the relation between the covariant 
and twist approaches can be accounted by the following equation 

me(Ae(G') • {! ® g)) = G®me(/ ® (?) " ^M°^ ^^e(/ ® ^) , 

where we recall SgO°'^ is the Lie derivative of the tensor = 9^^ da ® dp with respect to G, 
see definition (9). For the sake of illustration, this means that for instance for dilatations 
one has 

me(Ae(/^)-(/®^))=/^®(/^e^) + ^"''^(/^e^). 

Furthermore, observer and twist covariances boil down to 

observer: G~ ttiq = mQ,/\{G) twist: GmQ = mQ^Q{G). 

VI. CONCLUSION AND OUTLOOK 

We have investigated noncommutative spacetime transformations from the observer point 
of view. This regards transformations as coordinate changes under which both the fields and 
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the noncommutativity matrix tensor O transform. The dependence of the Moyal product 
f -ke g on the spacetime point x and the matrix O leads naturally to introduce an (x, 0)- 
space. This is in the spirit of the widespread belief that noncommutativity arises at a 
certain fundamental length, let it be the Planck length or other. Our main result is that 
the Moyal product is covariant under linear affine transformations. We obtain explicit 
expressions for the generators of the Weyl transformations in (x, 0)-space satisfying two very 
important properties: they are derivations for the Moyal product and represent the Weyl 
Lie algebra. [23] . This strikingly simplifies the analysis of symmetries of noncommutative 
field theory actions. The twist approach to noncommutative spacetime transformations has 
also been revisited and generalized. It is important to remark in connection with the twist 
formulation, or for that matter, with any formulation of spacetime transformations, that 
knowledge of a family of generators by itself does not imply invariance of a noncommutative 
field theory action. This is something that remains to be elucidated. 

Possible venues for the future include the understanding of noncommutative gauge trans- 
formations in terms of covariance, for a mixing of spacetime coordinates, 0-variables and 
gauge degrees of freedom takes place [18]. One may investigate, somewhat along the lines 
of [4, 21], the connection of our approach with the Seiberg-Witten map [19]. It would 
also be interesting to study spacetime transformations in which the transformed x'^ de- 
pends on both x^ and 6"^. Finally, it is worth extending the covariant approach here to 
non(anti)commutative superspace [20]. The latter makes sense, since having a representation 
of the Weyl Lie algebra, it is sensible to ask for supersymmetric extensions in superspace. [24] 
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APPENDIX A: ON DERIVATIONS OF THE MOYAL ALGEBRA. 

The purpose of this mathematical note is to prove existence of outer derivations for a 
Moyal algebra. This lies outside the main line of the paper, but stems from the considerations 
in Section 2. Being a relevant point that seems to run against standard lore [22], we include 
it here. A derivation of an associative algebra JF is a linear map D : T ^* T satisfying the 
Leibniz rule 

D{ah) =Dab + aDb. 

We convene in saying that a derivation D is inner if there is an element qd in JF or in a 
multiplier algebra of JF such that 

Db = anb — bar, ■ 

It is said to be outer if not of this form. For simplicity, consider the Moyal plane M^. We now 
follow [22] inasmuch as possible. A derivation of the Moyal algebra is entirely determined 
by its action on x^, x^. Let Di, D2 be two derivations with 

Dix^ = D2X^ = fi{x\ x^) and Dix^ = D2X^ = f2{x\ x^) . 

The difference Di — D2 is another derivation. It is easily checked to annihilate the plane 

waves 

{Di - /}2)e^(°^'+^/^^') = . 

It then vanishes. Let now D be an arbitrary derivation. For D to be inner a function a£, 
must exist such that 

[an, X ]^e = -^^-Q^ = h [OD, x \^^^ = lO -^ = /s. 

This is the case if and only if the integrability condition dfi/dx^ + 8/2/ dx'^ = holds. The 
point is that the derivation D^ = x-d + 26-^ fulfills D^9 7^ 0, so it does not satisfy 



[D'x\x%,, = [D'x\x^[ 



*e ' 



which is equivalent to the integrability condition. Hence D^ is outer. Analogous arguments 
work for our generators G®. 



16 



[1] D. Colladay and V. A. Kostelecky, "Lorentz-violating extension of the standard model", Phys. 

Rev. D58 (1999) 116002 [arXiv:hep-ph/9809521]. 
[2] A. lorio and T. Sykora, "On the spacetinie symmetries of noncommutative gauge theories", 

Int. J. Modern Phys. A17 (2002) 2369 [arXiv:hep-th/0111049]. 

R. Jackiw and S.-Y. Pi, "Covariant coordinate transformations on noncommutative space", 

Phys. Rev. Lett. 88 (2002) 111603 [arXiv:hep-th/0111122]. 

L. Alvarez-Gaume and M. A. Vazquez-Mozo, "General properties of noncommutative field 

theories", Nucl. Phys. B668 (2003) 293 [arXiv:hep-th/0305093]. 
[3] S. M. Carroll, J. A. Harvey, V. A. Kostelecky, C. D. Lane and T. Okamoto, "Noncommutative 

field theory and Lorentz violation", Phys. Rev. Lett. 87 (2001) 141601 [arXiv:hep-th/0105082]. 
[4] A. A. Bichl, J. M. Grimstrup, H. Grosse, E. Kraus, L. Popp, M. Schweda and R. Wulkenhaar, 

"Noncommutative Lorentz symmetry and the origin of the Seiberg-Witten map", Eur. Phys. J. 

C24 (2002) 165 [arXiv:hep-th/0108045]. 
[5] C. Gonera, P. Kosinski, P. Maslanka and S. Giller, "Global symmetries of nnoncommutative 

spacetime", Phys. Rev. D72 (2005) 067702 [arXiv:hep-th/0507054]. 

C. Gonera, P. Kosinski, P. Maslanka and S. Giller, "Spacetime symmetry of noncommutative 

field theory", Phys. Lett. B622 (2005) 192 [arXiv:hep-th/0504132]. 
[6] R. Oeckl, "Untwisting noncommutative M and the equivalence of quantum field theories", 

Nucl. Phys. B581 (2000) 559 [arXiv:hep-th/0003018]. 
[7] M. Chaichian, P. P. Kulish, K. Nishijima and A. Tureanu, "On a Lorentz-invariant interpre- 
tation of noncommutative spacetime and its implications on noncommutative QFT" , Phys. 

Lett. B604 (2004) 98 [arXiv:hep-th/0408069]. 
[8] J. Wess, "Deformed coordinate spaces derivatives" [arXiv:hep-th/0408080]. 
[9] P. Matlock, "Noncommutative geometry and twisted conformal symmetry", Phys. Rev. D71 

(2005) 126007 [arXiv:hep-th/0504084]. 
[10] F. Lizzi, S. Vaidya and P. Vitale, "Infinite conformal symmetry in noncommutative two- 
dimensional quantum field theory" [arXiv:hep-th/0601056] 
[11] P. Aschieri, C. Blohmann, M. Dimitrijevic, F. Meyer, P. Schupp and J. Wess, "A gravity theory 

on noncommutative spaces," Class. Quant. Grav. 22 (2005) 3511 [arXiv:hep-th/0504183]. 

17 



[12] D. V. Vassilevich, "Twist to close" [arXiv:hep-th/0602185]. 

P. Aschieri, M. Dimitrijevic, F. Meyer, S. Schraml and J. Wess, "Twisted gauge theories" 

[arXiv:hep-th/0603024] . 

J. Zahn, "Remarks on twisted noncommutative quantum field theory" [arXiv:hep-th/0603231]. 

M. Chaichian and A. Tureanu, "Twist symmetry and gauge invariance" [arXiv:hep- 

th/0604025]. 

[13] M. A. Rieffel, Deformation Quantization for Actions of M°', Memoirs Amer. Math. Soc. 506 
(Providence, RI 1993). 

[14] R. Estrada, J. M. Gracia-Bondia and J. C. Varilly, "On asymptotic expansions of twisted 
products", J. Math. Phys. 30 (1989) 2789. 

[15] S. Gutt and J. Rawnsley, "Equivalence of star products on a symplectic manifold; an intro- 
duction to Deligne's Cech cohomology classes", J. Geom. Phys. 29 (1999) 347. 

[16] F. W. Hehl, J. D. McCrea, E. W. Mielke and Y. Ne'eman, "Metric-afhne gauge theory of 
gravity: field equations, Noether identities, world spinors, and breaking of dilation invariance" , 
Phys. Rep. 258 (1995) 1 [arXiv:gr-qc/9402012]. 

[17] S. Majid, Foundations of Quantum Group Theory, Cambridge University Press (Cam- 
bridge 1995). 

[18] F. Lizzi, R. Szabo and A. Zampini, "Geometry of the gauge algebra in noncommutative Yang- 
Mills theory", JHEP 9108 (2001) 032 [arXiv:hep-th/0107115]. 

[19] N. Seiberg and E. Witten, "String theory and noncommutative geometry", JHEP 9909 
(1999) 032 [arXiv:hep-th/9908142]. 

[20] N. Seiberg, " Noncommutative superspace, N = 1/2 supersymmetry, field theory and string 
theory", JHEP O306 (2003) 010 [arXiv:hep-th/0305248]. 

[21] A. Stern and A. Pinzul, "Scale transformations on the noncommutative plane and the Seiberg- 
Witten map", Int. J. Mod. Phys. A20 (2005) 5871 [arXiv:hep-th/0406068]. 

[22] M. Dubois- Violette, A. Kriegl, Y. Maeda and P. W. Michor, "Smooth *-algebras". Prog. 
Theor. Phys. Suppl. 144 (2001) 54 [arXiv:math.QA/0106150]. 

[23] Expressions for the ^"^-derivative terms in these generators have been searched for in the past. 
See M. Chaichian, K. Nishijima and A. Tureanu, "An interpretation of non commutative field 
theory in terms of a quantum shift ", Phys. Lett. B633 (2006) 129 [arXiv:hep-th/0511094] 
for an approach to find what we now understand to be M® — M^,y. 

18 



[24] For the twist approach, this was first considered in M. Ihl and C. Saemann, "Drinfeld- twisted 
supersymmetry and non-anticommutative superspace", JHEP O601 (2006) 065 [arXiv:hep- 
th/0506057]. See also Banerjee, C. Lee and S. Siwach, "Deformed conformal and super- 
Poincare symmetries in the non-(anticommutative) space", [hep-th/0511205]. 



19 



